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Abstract
A 3D-2D dimension reduction for a nonlinear optimal design problem with a perimeter penalization is performed in
the realm of Γ-convergence, providing an integral representation for the limit functional.
Re´sume´
Re´duction dimensionnelle 3D−2D d’un proble`me non line´aire d’optimisation de forme avec pe´nalisation
sur le pe´rime`tre On effectue dans ce travail une re´duction dimensionnelle 3D-2D d’un proble`me non line´aire d’op-
timisation de forme avec une pe´nalisation du pe´rime`tre. Une repre´sentation inte´grale de la fonctionnelle limite est
obtenue.
Version franc¸aise abre´ge´e
On s’inte´resse dans ce travail au comportement asymptotique d’une suite de proble`mes non line´aires d’optimisation de
forme avec pe´nalisation du pe´rime`tre sur le domaine cylindrique Ω (ε) := ω× (−ε, ε) , ou` ε > 0 et ω est un ouvert borne´
de R2. On suppose que le domaine Ω (ε), occupe´ par le solide, est constitue´ par deux mate´riaux hypere´lastiques dont les
densite´s d’e´nergie, Wi : R
3×3 → R, i = 1, 2, sont continues, ve´rifiant la condition de croissance
β′ (|F |
p
− 1) ≤Wi(F ) ≤ β(1 + |F |
p) pour tout F ∈ R3×3, p > 1, i = 1, 2, avec β ≥ β′ > 0. (1)
Plus pre´cise´ment, on conside`re le proble`me de minimisation suivant
inf
v ∈W 1,p(Ω(ε);R3)
χE(ε) ∈ BV (Ω(ε); {0, 1})
{1
ε
( ∫
Ω(ε)
(
χE(ε)W1 + (1 − χE(ε))W2
)
(∇v)dx −
∫
Ω(ε)
fε · v dx
+P (E(ε); Ω(ε))
)
: v = 0 sur ∂ω × (−ε, ε),
1
L3(Ω(ε))
∫
Ω(ε)
χE(ε) dx = λ
}
,
(2)
ou` E (ε) ⊂ Ω (ε) est un ensemble mesurable de pe´rime`tre fini et fε ∈ L
p′
(
Ω(ε);R3
)
ou` 1
p
+ 1
p′
= 1 et λ ∈ [0, 1] est la
fraction du volume rempli par le premier mate´riau.
Nous commenc¸ons par effectuer un changement de variables afin de rendre le domaine inde´pendant de ε (cf. (7)). On
obtient ainsi le proble`me suivant
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inf
u ∈W 1,p(Ω;R3)
χ ∈ BV (Ω; {0, 1})
{∫
Ω
(χW1 + (1− χ)W2)
(
∇αu|
1
ε
∇3u
)
dx−
∫
Ω
f · udx+
∣∣∣∣
(
Dαχ|
1
ε
D3χ
)∣∣∣∣ (Ω) :
u = 0 sur ∂ω × (−1, 1),
1
L3(Ω)
∫
Ω
χdx = λ
}
.
(3)
En utilisant les techniques de Γ−convergence, on de´montre que, lorsque ε tend vers ze´ro, le proble`me (3) converge vers
un proble`me nonline´aire bidimensionnel.
Il suit un re´sultat ge´ne´ral ou` la pe´nalisation du pe´rime`tre dans le proble`me initial est remplace´e par une inte´grale
elliptique. Ainsi, on conside`re Ψ : R3 → [0,+∞[ une fonction paire, continue, positivement homoge`ne de degre´ 1 et telle
que
∃C ∈]0,+∞[ : ∀ν ∈ R3
1
C
|ν| ≤ Ψ(ν) ≤ C|ν|. (4)
On e´tudie donc, le comportement asymptotique, lorsque ε tend vers ze´ro, du proble`me suivant
inf
v ∈ W 1,p(Ω(ε);R3)
χ ∈ BV (Ω(ε); {0, 1})
{1
ε
( ∫
Ω(ε)
(
χE(ε)W1 + (1− χE(ε))W2
)
(∇v)dx −
∫
Ω(ε)
fε · v dx
+
∫
∂E(ε)
Ψ(νE(ε))dH
2
)
: v = 0 sur ∂ω × (−ε, ε),
1
L3(Ω(ε))
∫
Ω(ε)
χE(ε) dx = λ
}
,
(5)
ou` H2 de´signe la mesure de Hausdorff restreinte a` ∂E(ε) et νE(ε) est la normale exte´rieure a` E(ε). On obtient finalement,
le proble`me limite (19).
1. Introduction and setting of the problem
The study of thin structures has been the object of many investigations. In particular, in mechanical engineering it is
important for applications to minimize, under a given system of loads, the compliance (namely, the opposite of the total
energy at equilibrium) of a given structure, satisfying a constraint on the volume. In order to design thin structures
with the best possible resistance-weight ratio, the asymptotic behaviour of the compliance as the thickness of the sample
tends to zero is studied. For a background on the modelling of thin plates we refer to the monographs of [1] and [11].
Let Ω (ε) := ω × (−ε, ε) , where ω is a bounded open domain of R2 and ε > 0, and for the sake of illustration let
us assume that Ω(ε) is clamped on its lateral boundary. We suppose also that Ω(ε) is filled with two materials with
respective energy densities W1 and W2, where Wi : R
3×3 → R, i = 1, 2 are continuous functions satisfying (1) (see
Remark 2 below, where assumption (1) is discussed).
Let E(ε) be the first phase, fε be the given load on Ω(ε) and assume that the volume fraction of each phase is given by
λ := 1L3(Ω(ε))
∫
Ω(ε)
χE(ε)(x)dx ∈ [0, 1], where χE(ε) denotes the characteristic function of the phase E(ε). The compliance
Cε(χE(ε)) is defined as
Cε(χE(ε)) := − inf
v∈W 1,p(Ω(ε);R3)
{1
ε
∫
Ω(ε)
((
χE(ε)W1 + (1− χE(ε))W2
)
(∇v) − fε · v
)
dx :v = 0 on ∂ω × (−ε, ε)
}
.
In [6], [7] and [8] the asymptotic behaviour of a 3D optimal elastic compliance problem is studied, as the thickness (or
the cross section in the case of beams) tends to zero and the volume fraction in the design region remains unchanged.
It is assumed that the material has a convex and 2-homogeneous potential and the analysis is performed in the small-
displacement setting. The prescription of the volume in the minimum problem can be dropped by adding a Lagrange
multiplier to penalize the volume in the cost functional. The asymptotic analysis performed in these papers leads to
a fictitious material with local density, taking all the values in [0, 1] and not to a precise limit set, due to the loss of
compactness in the characteristic functions.
In this work we focus our attention on studying the worst possible design of a two-phase mixture of elastic materials
in a thin film in the same spirit of [13] and [9], where the asymptotic analysis of a two-field minimization problem has
been studied (i.e. (χ, u), (design region, deformation)) as the thickness of the sample tends to zero. Having in mind the
results contained in [2] and [17], we introduce a perimeter penalization in our functional in order to derive from the 3D
energy a limiting 2D model where the design region is explicitly determined, and we refer to [10] for a detailed study
about regularity of the limits (set, deformation).
2
Let us consider the optimal design problem in (2) where E (ε) ⊂ Ω (ε) is a measurable subset of Ω(ε) with finite
perimeter, i.e.,
P (E(ε); Ω(ε)) := sup
{ ∫
E(ε)
divϕdx : ϕ ∈ C1c (Ω(ε);R
3), ‖ϕ‖L∞ ≤ 1
}
< +∞, (6)
and we assume that the load fε ∈ L
p′(Ω(ε);R3), with 1
p
+ 1
p′
= 1.
In order to study the asymptotic behavior of (2) we reformulate our problem in a fixed 3D domain through a 1
ε
-
dilation in the transverse direction x3 and then we perform Γ− convergence with respect to the pair (design region,
deformation). Set
Ω := ω × (−1, 1) , Eε := {(x1, x2, x3) ∈ Ω : (x1, x2, εx3) ∈ E (ε)} ,
u (x1, x2, x3) := v (x1, x2, εx3) , f (x1, x2, x3) := fε (x1, x2, εx3) , χEε (x1, x2, x3) := χE(ε) (x1, x2, εx3) ,
(7)
where v is any admissible field for (2).
In the sequel we will denote xα := (x1, x2), dxα := dx1dx2 and ∇α and Dα will be identified with the pair
(∇1,∇2) , (D1, D2) , respectively. For every matrix F ∈ R
3×2 and any z ∈ R3, F := (F |z) represents the matrix
in R3×3 whose first two columns are those of F and the last column is given by the vector z.
Observe that by (6) and using the definition of total variation, P (E (ε) ; Ω (ε)) =
∣∣DχE(ε)∣∣ (Ω (ε)). Making the change
of variables y3 := εx3 and yα := xα we have
1
ε
∣∣DχE(ε)∣∣ (Ω(ε)) = ∣∣(Dαχε ∣∣ 1εD3χε )∣∣ (Ω), where χε := χEε stands for the
characteristic function of Eε. Hence we are led to the rescaled minimum problem (3).
For every ε > 0, let Jε : L
1(Ω; {0, 1})× Lp(Ω;R3)→ [0,+∞] be the functional defined as follows
Jε(χ, u) :=


∫
Ω
(
χW1
(
∇αu
∣∣∣∣1ε∇3u
)
+ (1− χ)W2
(
∇αu
∣∣∣∣1ε∇3u
))
dx−
∫
Ω
f · udx+
∣∣∣∣
(
Dαχ
∣∣∣∣1εD3χ
)∣∣∣∣ (Ω)
in BV (Ω; {0, 1})×W 1,p(Ω;R3),
+∞ otherwise.
(8)
Let V : {0, 1} × R3×3 → [0,+∞) be given by
V (χ, F ) := χW1(F ) + (1− χ)W2(F ), (9)
with W1 and W2 satisfying (1). Analogously, let V : {0, 1} × R
3×2 → [0,+∞) be defined as
V
(
χ, F
)
:= χW 1
(
F
)
+ (1− χ)W 2
(
F
)
, with W i
(
F
)
:= inf
c∈R3
Wi
(
F |c
)
, F ∈ R3×2, i = 1, 2. (10)
Consider the functional J0 : L
1(Ω; {0, 1})× Lp(Ω;R3)→ [0,+∞] as
J0(χ, u) :=


2
∫
ω
QV (χ,∇αu)dxα −
1∫
−1
∫
ω
f · udxαdx3 + 2|Dαχ|(ω), if (χ, u) ∈ BV (ω; {0, 1})×W
1,p(ω;R3),
+∞ otherwise,
(11)
where QV stands for the quasiconvexification of V in the second variable. Namely, for every (χ, F ) ∈ {0, 1} × R3×2
QV
(
χ, F
)
:= inf


∫
Q′
V
(
χ, F +∇αϕ
)
dxα : ϕ ∈W
1,p
0
(
Q′;R3
)

 , (12)
where Q′ ⊂ R2 denotes the unit cube.
Our main result is the following.
Theorem 1.1 The family of functionals {Jε} Γ-converges, with respect to the strong topology of L
1(Ω; {0, 1})×Lp(Ω;R3)
to J0, as ε→ 0
+.
Remark 1 We observe that Theorem 1.1 entails the convergence, as ε → 0+, of problems (2) in their rescaled version
(3) to the problem
inf
u ∈ W 1,p0 (ω;R
3)
χ ∈ BV (ω; {0, 1})

2
∫
ω
QV (χ,∇αu)dxα −
1∫
−1
∫
ω
f · udxαdx3 + 2|Dαχ|(ω) :
1
L2(ω)
∫
ω
χdxα =
1
2
λ

 . (13)
3
In fact, this is due to the strong convergence in L1(Ω; {0, 1})×Lp(Ω;R3), of the sequence of almost minimizers {(χε, uε)}
of (3) to (χ, u) ∈ BV (ω; {0, 1}) ×W 1,p0 (ω;R
3). And so, the constraint in the volume fraction 1L3(Ω(ε))
∫
Ω(ε)
χE(ε)dx =
1
L3(Ω)
∫
Ω
χεdx = λ is kept in the limit, as well as the boundary conditions (cf. Remark 2).
It is worthwhile to compare Theorem 1.1 with similar results in [13] and [9]. To this aim we observe that, in spite
of what is proven therein, namely Γ-convergence results with respect to the convergence L∞weak∗ × L
p for (χ, u), the
presence of the perimeter in our energy (8), allows us to have a stronger convergence on the characteristic functions and
thus to determine the worst possible design set. On the other hand, the fact that the perimeter is inserted in our model
leads naturally to compare our results with those contained in [2]. Indeed, if W1 and W2 are of type W1 (·) := α
′ |·|
2
and
W2 (·) := α |·|
2
, with 0 < α′ < α suitable constants, clearly QV (χ, F ) coincides with α′χ|F |2 + α(1 − χ)|F |2. Hence, by
[2, Theorem 2.2] the solution of the minimum problem (13) is locally Ho¨lder continuous and the optimal design set is
equivalent to an open set A × (−1, 1), A ⊂ ω. More refined results, about regularity in 2D, in the convex setting, may
be found in [14,15] and in the references quoted therein.
In our model, the lack of convexity in W1 and W2 entails, as underlined by Proposition 2.2, that we obtain a limit
energy which depends continuously on the characteristic function of the design set and requires a quasiconvexification
procedure in the deformation variable. We refer to [10] for regularity results related to our setting.
Details about the results are contained in the next section, while for the properties related to Γ-convergence, sets of
finite perimeter and BV functions we refer to [12] and [3], respectively.
2. The limit problem
We start by stating the properties of the energy densities in (9) and (10) that we will exploit in the sequel.
Proposition 2.1 Let V be as in (10) . Then V is continuous and satisfies
β′
(∣∣F ∣∣p − 1) ≤ V (χ, F ) ≤ β (1 + ∣∣F ∣∣p) , (14)
where β′ and β are the constants in (1) . Moreover,
∣∣V (χ, F)− V (χ′, F )∣∣ ≤ 2β |χ− χ′| (1 + |F |p).
Proposition 2.2 The function QV in (12) is continuous and satisfies (14), and
|QV (χ, F )−QV (χ′, F )| ≤ C|χ′ − χ|(1 + |F |p). (15)
Remark 2 We claim that energy bounded sequences {(χε, uε)} for problem (3), with uε clamped on ∂ω × (−1, 1), are
compact in L1(Ω; {0, 1})× Lp(Ω;R3) and with limit in L1(ω; {0, 1})× Lp(ω;R3).
If {(χε, uε)} is a sequence such that Jε(χε, uε) ≤ C, then there exists C
′ ∈ R+ such that the following bounds hold
‖uε‖W 1,p ≤ C
′,
∥∥∥∥1ε∇3uε
∥∥∥∥
Lp
≤ C′,
∣∣∣∣
(
Dαχε
∣∣∣∣1εD3χε
)∣∣∣∣ (Ω) ≤ C′.
An argument entirely similar to that exploited in [16, Lemma 3], entails that there exists u ∈ W 1,p(Ω;R3) such that
∇3u ≡ 0, and so u can be identified with a function (still denoted in the same way) u ∈W
1,p(ω;R3). Thus we may find
a subsequence, not relabelled, {uε} such that uε ⇀ u in W
1,p(Ω;R3), and a measurable set E ⊂ Ω such that χε⇀ ∗ χE
and D3χE ≡ 0. Hence, there exists E
′ ⊂ ω, with |DχE |(Ω) = 2|DχE′ |(ω), where E = E
′ × (−1, 1). In the following we
will identify the set E with the set E′ and denote χE′ by χ.
Proof of Theorem 1.1 For every ε > 0, let Jε be the functional in (8). The Γ-convergence with respect to the separable
metric space L1(Ω; {0, 1})× Lp(Ω;R3) ensures that for each sequence {ε} there exists a subsequence, still denoted by
{ε}, such that Γ− limε→0+(L
1(Ω; {0, 1})× Lp(Ω;R3))Jε exists.
For every (χ, u) ∈ L1(Ω; {0, 1})×Lp(Ω;R3), let J (χ, u) be its Γ-limit. By virtue of Urysohn property, it suffices to prove
that any sequence {Jε} admits a further subsequence whose Γ-limit, J(χ, u), coincides with J0(χ, u) in (11).
We observe that if (χ, u) ∈ (L1(Ω; {0, 1})× Lp(Ω;R3)) \ (BV (ω; {0, 1}) ×W 1,p(ω;R3)), then J(χ, u) = +∞. Indeed,
if this is not the case, from J(χ, u) < +∞ we would get the existence of a sequence {(χε, uε)} converging to (χ, u) such
that Jε(χε, uε) < +∞ and by Remark 2 this would imply (χ, u) ∈ BV (ω; {0, 1})×W
1,p(ω;R3).
The remaining proof is divided into two steps. First we show the lower bound, then we prove the upper bound.
Step one: We claim that for every (χ, u) ∈ BV (ω; {0, 1})×W 1,p(ω;R3)
J(χ, u) ≥ 2
∫
ω
QV (χ (xα) ,∇αu (xα)) dxα −
1∫
−1
∫
ω
f (xα, x3)u (xα) dxαdx3 + 2 |Dαχ| (ω) .
To prove the claim, let {(χε, uε)} ⊂ L
1(Ω; {0, 1}) × Lp(Ω;R3) be a sequence converging to (χ, u) ∈ BV (ω; {0, 1}) ×
W 1,p(ω;R3). For the forces and for the perimeter the lower bound follows by Lp strong convergence of {uε} and lower
semicontinuity of the perimeter, respectively.
For what concerns the bulk energy, by virtue of the Decomposition Lemma for scaled gradients, (cf. [5, Theorem 1.1])
there exist a subsequence of {uε}, not relabelled, and a sequence {wε} converging to u ∈ W
1,p(ω;R3), such that the
4
scaled gradients {
(
∇αwε,
1
ε
∇3wε
)
} are p-equiintegrable, and L3(Ω\Aε)→ 0 as ε→ 0
+, where Aε := {x ∈ Ω : uε ≡ wε}.
Denoting the bulk energy density of Jε by V as in (9), one obtains
lim inf
ε→0+
∫
Ω
V
(
χε,
(
∇αuε
∣∣∣∣1ε∇3uε
))
dx
≥ lim inf
ε→0+
∫
Ω
V
(
χε,
(
∇αwε
∣∣∣∣1ε∇3wε
))
dx− β lim sup
ε→0+
∫
Ω\Aε
(
1 +
∣∣∣∣
(
∇αwε
∣∣∣∣1ε∇3wε
)∣∣∣∣
p)
dx
≥ lim inf
ε→0+
∫
Ω
V
(
χε,
(
∇αwε
∣∣∣∣1ε∇3wε
))
dx ≥ lim inf
ε→0+
∫
Ω
V (χε,∇αwε) dx ≥ lim inf
ε→0+
∫
Ω
QV (χε,∇αwε) dx.
(16)
Observe that, by (15)∫
Ω
|QV (χε,∇αwε)−QV (χ,∇αwε) | dx ≤ C
∫
Ω
|χε − χ|(1 + |∇αwε|
p) dx. (17)
Thus, the p-equiintegrability of
{(
∇αwε
∣∣1
ε
∇3wε
)}
and (17) ensure that as ε → 0+, χε can be replaced by χ in the
right-hand side of (16).
The density QV (χ(xα), ·) is quasiconvex in M
3×2 for a.e. x ∈ Ω. Using an argument similar to that exploited in [16,
Proposition 6] one concludes that QV (χ(xα), ·) is quasiconvex also in M
3×3. Thus, by the growth condition of QV ,
as stated in Proposition 2.2, the functional v ∈ W 1,p(Ω;R3) 7−→
∫
Ω
QV (χ(xα),∇αv(x))dx is sequentially weakly lower
semicontinuous with respect to W 1,p-weak topology. Hence,
lim inf
ε→0+
∫
Ω
QV (χ,∇αwε)dx ≥ 2
∫
ω
QV (χ,∇αu)dxα.
By the superadditivity of the lim inf we achieve the claim.
Step two: To prove the reverse inequality we start by observing that, fixing χ ∈ BV (ω; {0, 1}),
J(χ, u) ≤ lim infε→0+ Jε(χ, uε) for every {uε} ⊆ L
p(Ω;R3) and u ∈ W 1,p(ω;R3) such that uε → u in L
p(Ω;R3).
Thus it suffices to study the asymptotic behaviour with respect to the W 1,p-weak convergence of∫
Ω
(
χW1
(
∇αuε
∣∣∣∣1ε∇3uε
)
+ (1− χ)W2
(
∇αuε
∣∣∣∣1ε∇3uε
))
dx−
∫
Ω
f · uεdx.
Since χ is fixed we can rewrite χW1(·) + (1 − χ)W2(·) as a new function with explicit dependence on xα.
Namely, let W : ω × R3×3 → R be given by
W (xα, F ) := V (χ(xα), F ) = χ(xα)W1(F ) + (1− χ(xα))W2(F ),
for every (xα, F ) ∈ ω × R
3×3.
Clearly,W is a Carathe´odory function satisfying the growth condition 1
C
|F |p−C ≤W (xα, F ) ≤ C(1+|F |
p) for a.e. xα ∈
ω and for all F ∈ R3×3. Applying [4, Theorem 2.3] to the sequence of functionals {Gε}, where Gε : L
p(Ω;R3)→ [0,+∞)
is given by Gε(u) :=


∫
Ω
W
(
xα,
(
∇αu,
∣∣∣∣1ε∇3u
))
dx−
∫
Ω
f · udx if u ∈ W 1,p(Ω;R3),
+∞ otherwise,
and arguing as in [9, Remark 3.3] we get
lim
ε→0+

∫
Ω
W
(
xα,
(
∇αuε
∣∣∣∣1ε∇3uε
))
dx−
∫
Ω
f · uεdx

 ≤ 2
∫
ω
QW (xα,∇αu)dxα −
1∫
−1
∫
ω
f · udxαdx3,
where W : ω ×R3×2 is defined by W (xα, F ) := infc∈R3 W (xα, (F |c)), and QW stands for the quasiconvexification of W
in the second variable.
Observing that by (10)
W (xα, F ) = χ(xα)W1(F ) + (1− χ(xα))W2(F ) = V (χ(xα), F ), and QW (xα, F ) = QV (χ(xα), F )
for every (xα, F ) ∈ ω × R
3×2, the proof is concluded.
In the following we apply the previous analysis, with small changes, to the case where the perimeter penalization in (2)
is replaced by a more general elliptic integral, such as in [17]. Namely, we consider Ψ : R3 → [0,+∞) even, continuous,
positively 1-homogeneous, and satisfying (4).
5
Recall problem (5) and observe that by
∫
∂E(ε)
Ψ(νE(ε))dH
2 we mean the integral with respect to the Hausdorff measure
concentrated on ∂E(ε), identified with SχE(ε) , with exterior normal νE(ε).
By performing the same rescaling as in (7) we obtain the following formulation of (5) in the fixed domain Ω,
inf
u ∈W 1,p(Ω;R3)
χ ∈ BV (Ω; {0, 1})
{∫
Ω
(χW1 + (1− χ)W2)
(
∇αu
∣∣∣∣1ε∇3u
)
dx−
∫
Ω
f · u dx
+
∫
Sχ
Ψ
(
να|
1
ε
ν3
)
dH2 : u = 0 on ∂ω × (−1, 1) ,
1
L3(Ω)
∫
Ω
χdx = λ
}
,
(18)
where χ denotes the characteristic function of Eε, and ν the normal to its jump set, Sχ.
Next we will identify functions defined in R3 (or R2) and their restrictions to S2 (or S1), and so the same notations
will be adopted.
Let Ψ : R2 → [0,+∞) be the function given by Ψ(η) := inf {Ψ(η, ξ) : ξ ∈ R} , with Ψ : R3 → [0,+∞) as in (4).
Consider the following minimum problem
inf
u ∈ W 1,p0 (ω;R
3)
χ ∈ BV (ω; {0, 1})

2
∫
ω
QV (χ,∇αu)dxα −
1∫
−1
∫
ω
f · udxαdx3 + 2
∫
Sχ
Ψ
∗∗
(να)dH
1 :
1
L2(ω)
∫
ω
χdxα =
1
2
λ

 . (19)
where Ψ
∗∗
denotes the convex envelope of Ψ. Namely, Ψ
∗∗
(v) := sup{g : R2 → R : g is convex g(v) ≤ Ψ(v) ∀ v ∈ R2}.
Theorem 2.1 Consider the problems (18), and their minimizers. Then the latter converge, with respect to the strong
topology of L1(Ω; {0, 1})× Lp(Ω;R3), to the minimum of problem (19).
We conclude by observing that the density Ψ
∗∗
satisfies all the well established properties for the lower semicontinuity
of surface integrals, such as BV -ellipticity (cf. [3, Definition 5.13 and Theorem 5.14]), since any continuous even function
φ : SN−1 → [0,+∞) is BV -elliptic if and only if its positive 1-homogeneous extension is convex.
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